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Problem 1.109. Let q,b,c be positive real numbers. Prove the inequality
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Problem 1.110. Let a,b,c be positive real numbers. Prove that

a+b+c§2%§ Z—Z.

Problem 1.111. Let q,b,c be positive real numbers. Prove the inequality
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Problem 1.109.
Solution 1.
. S a4 (a® + b2 +¢?)?
By Cauchy Inequality Y P = > a0 1 D) > S a1 )
(a® +b2 +c?)’ -~ a+b+c
Sab*+c?) 2
2(a* + b2 +c2)’ > (a+b+c)Y abla+b).
Letp = ab+ bc + ca,q := abc. Assuming a + b + ¢ = 1 (due homogeneity
of the inequality) we obtain a? + b* + ¢> = 1 —2p, >_ab(a+b) = p—3q
and, therefore, 2(a? +b* +c2)> = (a+b+c¢) ab(a+b) =
2(1 -2p)* = (p-3q) = 8p2 —9p +3q +2.

Thus, remains to prove =

Since 3p = 3(ab + bc +ca) < (a+b+c)* =1, 99 > 4p — 1 (Schure’s Inequality

Y a(a—b)(a—c) > 0in p,q notation and normalized by a + b + ¢ = 1) then
8~ 9p+3g+22 82— 9p+3- Ll oy = La-3p5-8p) 2 0
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Solution 2.
Since triples (a3,b3,¢3) and (bz i R Jlraz ' i 7 ) agreed in order
3 3 3 3
then by rearrangement inequalit d > b a > c
y 9 9 yE:bquc2 _Zb2+cz ’Zb2+cz _Zb2+cz

and, therefore, 2 bz‘f = >3 bl+c
C

.5 b? + c?
Noting thatlg ic > b;c < (b-c)* >0 we obtain
C
b3 +c3 b+c _
2> bza Zb +§ ZTc—a+b+c.
Solution 3.

b? c?
b2 +c2’ 2 +a?’ a? + b2
2

then by Chebishev’s Inequality b;f =y bzi 7 +§+ <.
C C

5 2 %( Nesbitt’s Inequality).

Since triples (a,b,c) and ( ) agreed in order

i. a+b+c _ a+b+c
Hence, Zb2+c 2 35 3 SR
* By Cauchy Inequality
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Applying inequality >2x—y < (x—y)* > 0, where y > 0 we obtain:

1.).4 2+cb2 =%<Z%2+b72) 2%Z(2a—c+2b—c}:Z(a+b—c):a+b+c.
& _ya, a 4g—c) =23 4 _y ac

Zbe—Zb 52 b2a c) 22% Zband
L L. i >y LQa-b) =23 L -F b

Hence, 22“ 2%2 22“— Zac Z@ _
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a’b(b—c) 1 a’b(b-c) ca
NotlngthatZ—b >0 < abcz —y >0®an+bc >0

zZ-y
X+y:

and denoting x := bc,y = ca,z := ab we obtain Z ab — b= bc =3

1
+x’x+y

y z-)y
xquy Zz:x+y C>2:x+y = 0.

Since triples (x,y,z) and (y 157 ) agreed in order then by

Rearrangement inequality >

Hence, Y ab+gg > 0.



